A set of ≈8 million single stars of the UCAC3 catalogue has been analysed. It contains stars with reliable proper motions with not less than three epochs of observations used to compute the proper motion. Our main goal is to investigate the inertiality of the reference system defined by 'good' stars of the UCAC3 catalogue. The formalism of vectorial spherical harmonics has been applied to analyse the system of proper motions of the selected UCAC3 stars. A comparison between the results of solutions for several subsets of UCAC3 stars shows that the key parameters significantly change with stellar magnitudes, colours and average distances. The values of the components of the rigid-body rotation vector of the Hipparcos Celestial Reference Frame (HCRF) with respect to extragalactic sources were determined using 'proper motions' of more than 8000 galaxies of the UCAC3 catalogue. The values are ω 1 = 0.58 ± 0.15, ω 2 = −1.02 ± 0.15, ω 3 = −0.59 ± 0.17 mas yr −1 in galactic coordinates. Traces of the considerable magnitude equation are seen in the 'proper motions' of the UCAC3 galaxies. The most significant component derived from the analysis of the UCAC3 galaxies is ω 2 . It does not contradict the results of the analysis of the proper motions of selected stars (ω 2 = −1.09 ± 0.02 mas yr −1 ).
I N T RO D U C T I O N
The ICRS is currently considered a fundamental celestial reference system for astronomy. It is realized by the catalogue of the positions of 212 compact extragalactic radio sources derived from the results of Very Long Baseline Interferometry (VLBI) observations (Ma et al. 1998) . The Hipparcos catalogue is well known for being the first representation of the ICRF in the optical wavelength range (ESA, 1997) . Subsequently, densifications of the Hipparcos reference frame were constructed with millions of stars of magnitudes down to 12. The widely used Tycho Reference Catalogue (TRC; Høg et al. 1998) and Tycho-2 (Høg et al. 2000) catalogues are successful extensions of the reference frame following the densification concept.
An application of the various methods of catalogue data analysis reveals a small residual rotation of the HCRF with respect to inertial system with an angular velocity of ≈0.4 ± 0.1 mas yr −1 (Bobylev 2004a) in equatorial coordinates. Taking this effect into account is important for various fields of astronomy -for example, for investigation of peculiarities in rotation of the warped Galactic stellar-gas disc (Bobylev et al. 2009a; Bobylev 2010) .
A particular interest is drawn now by the UCAC3 catalogue (Zacharias et al. 2009 ) which contains about 100 million stars and extends the HCRF reference frame down to R ≈ 17 mag. Unlike E-mail: vbobylev@gao.spb.ru its predecessor (UCAC2, Zacharias et al. 2004 ), UCAC3 covers the whole sky, and a significant improvement of proper motions has been achieved for relatively bright stars. UCAC3 proper motions deserve greater attention especially after the demonstration of their significant plate-to-plate systematic errors in the Northern hemisphere (Roeser, Demleitner & Schilbach 2010) .
Carrying out analyses to determine the inertiality of the reference system determined by 'good' stars of the UCAC3 catalogue is one of the goals of this paper. The formalism of vector spherical harmonics is applied to analyse the system of proper motions of the selected UCAC3 stars. An investigation of the behaviour of coefficients of expansion in relation to stellar magnitudes, colours and interstellar extinction allows us to eliminate the solar motion and mode-mixing effects. As a result, an analysis of coefficients of various harmonics of vector spherical functions expansion makes it possible to estimate the vector of rigid body rotation with respect to Galactic axes x and y. This is the basis of a kinematic approach to the investigation of inertiality of the optical realization of the ICRF (Bobylev 2004a) .
The 'proper motions' of galaxies in the ICRF/Hipparcos reference frame comprise the most interesting subset of data of the UCAC3 catalogue for our purposes. They provide material for making an independent conclusion about the existence of residual rotation of the HCRF with respect to extragalactic sources. Investigation of this effect is another goal of this paper.
Equations of the Ogorodnikov-Milne model, peculiarities of implementation of the calculation scheme in the vector spherical function technique to our purpose, and basic assumptions and notations are presented in Section 2. Section 3 contains the description of our procedures used to select stars and UCAC3 galaxies, to form stellar subsets, pixellize the data and estimate stellar distances. Results of our calculations and their analysis are covered in Section 4 for stars and UCAC3 galaxies. A brief overview of the main conclusions is given in Section 5.
T E C H N I Q U E S F O R D E T E R M I NAT I O N O F K I N E M AT I C PA R A M E T E R S
A number of various techniques is currently applied to analyse stellar kinematics. The common approach is to solve the corresponding condition equations by the least-squares method, with these equations representing either a specific model (Ogorodnikov-Milne or Oort-Lindblad model) or various series expansions. Representation of the proper motions by complete orthogonal sets of functions also occurs in the practice of investigations of the stellar velocity field. Both approaches mentioned were used to estimate the effects of rotation in the UCAC3 proper motions.
Ogorodnikov-Milne model
We adopt the rectangular heliocentric Galactic coordinate system with axes directed towards the Galactic Centre (l = 0
• , b = 0 • ; hereafter referred to as x or 1), direction of Galactic rotation (l = 90
• , b = 0 • ; y or 2) and to the North Pole of the Galaxy (b = 90
In this description of the Ogorodnikov-Milne model, the same designations that were adopted by Clube (Clube 1973) , as well as in those by du Mont (1977 Mont ( , 1978 and Vityazev & Tsvetkov (2009) , have been used. The apparent velocity of a star V (r) with heliocentric vector r may be represented to first-order terms according to the following vectorial equation:
where V (X , Y , Z ) is the velocity of the Sun with respect to the centroid of the stars considered, while V is the residual velocity of the star. We assume that residual velocities of stars have random distribution. M is a matrix (tensor) of shifts, its components being partial derivatives of velocity u(u 1 , u 2 , u 3 ) with respect to distance r(r 1 , r 2 , r 3 ), where u = V (R) − V (R 0 ); R and R 0 are Galactocentric distances for the star and the Sun, respectively. In this case, components of M may be written as
Determination of all the nine elements of the matrix M is possible in the case when all the three components of apparent stellar velocities are known (including radial velocity and both of the proper motion components). The M matrix may by divided into two parts: symmetric matrix M + (tensor of local deformation) and antisymmetric matrix M − (tensor of rotation):
In the case of using only proper motions, as it is well known to be (Ogorodnikov 1965) , one of the diagonal elements of the local deformation tensor cannot be determined. And we determine the differences according to (M 
The values X , Y , Z are components of the solar velocity.
, ω 2 , ω 1 ) are components of the rigidbody rotation vector of the Galactic neighbourhood of the Sun with respect to the corresponding axes. In the coordinate system adopted, positive rotations are those from axis 1 to 2, from axis 2 to 3 and from axis 3 to 1.
Each of the values M (4) 
Vector spherical function expansion
Stellar proper motions may be represented by a set of orthonormal vector spherical functions. The formalism for this has been described by Vityazev and Tsvetkov (Vityazev & Tsvetkov 2009) . In contrast to the Ogorodnikov-Milne model, it allows one to construct the complete model of the stellar velocity field by introducing high-order harmonics. The equations of the Ogorodnikov-Milne model can be decomposed by means of the vector spherical function technique. The paper of Vityazev and Tsvetkov mentioned above contains the table of the corresponding constants that allow one to calculate the Ogorodnikov-Milne model parameters with coefficients of toroidal and spheroidal functions.
The overall success of this method depends on how correctly the elimination of the solar motion is done. Hence distances to stars and components of the solar motion in km s −1 should be known. Otherwise, the solar motion components will be estimated for the mean distance of the considered sample of stars.
The very important question of the highest order of functions needed always occurs in any realization of expansions such as the formalism of vector spherical harmonics. Test calculations show that, in most cases, residuals stop improving significantly at the fourth order. This value of the highest order of expansion was adopted in further computations.
DATA ANALYSIS

Selection of stars
Single stars with good-quality data were selected with the following flags from the UCAC3 catalogue files.
(1) objt = 0 -object type (good star); (2) dsf = 0 -double star flag (single star); (3) us1≥3 -catalogues (epochs) used for proper motions; (4) clbl = 2 -SC star/galaxy classif./quality flag (2 = star).
The following flags exclude galaxies from the set of stars formed. Stars with large proper motions may affect the results and were excluded according to μ > 300 mas yr −1 . On the whole, 7719 604 stars have been selected.
Pixellization of the celestial sphere
Pixellization of data from the UCAC3 catalogue was performed with HEALPIX C subroutines (Gorski et al. 2005) . The procedure allows one to form subsets of stars for each of the 3072 pixels with equal areas on the celestial sphere. The distribution of centres of these pixels over the whole sphere is shown in the top panel of Fig. 1 .
Middle and bottom panels of Fig. 1 show the distributions of the number of stars per pixel in Galactic coordinates for the UCAC3 stars selected. Empty regions imply the absence of stars with the adopted values of flags (first of all, us1≥3) in a considerable part of the sky. This is especially noticeable for the faintest UCAC3 stars.
Sampling of data as per the above description was performed for a number of samples of selected stars, according to their magnitudes and colours. Then the mean proper motion component values were calculated for each of the 3072 pixels. These values were used as input data to compute the Ogorodnikov-Milne model parameters or constants of expansion using vector spherical functions.
Estimation of stellar distances
A statistical method (Olling & Dehnen 2003) was applied to estimate group distances. The solar velocity with respect to the local standard of rest was taken from the paper of Schönrich, Binney & Dehnen (2010) 
where X and Z (in mas yr −1 ) are the components of group velocity of stars obtained from solutions of equations (4) 
Elimination of the solar motion effect
Analysis of the rotational effects in the proper motions using the formalism of vector spherical functions requires the correct elimination of the solar motion. One of the possible approaches is based on forming subsets of stars according to stellar magnitudes. The main assumption is that stars within the given magnitude range are mostly at equal distances. The solution of the condition equations of the Ogorodnikov-Milne model for each of subsets should give the values of rotational parameters that are not distorted by the solar motion. Kinematic features of the different stellar populations, as well as mode-mixing effects (Olling & Dehnen 2003) , complicate the implementation of the technique considered.
The sample of stars considered is a mixture of different kinematic populations. The UCAC3 catalogue does not contain enough information to correctly divide stars into the specific kinematic groups such as young MS stars or old giant stars. Infrared magnitudes (J, H, K s ) from the 2MASS survey are available in UCAC3 data files. The colour index J − K s can be calculated for each star. It allows one to form subsets of stars based on this colour index and to partially take into account the influence of the kinematic subsystems of the Galaxy.
The assumption of 'equal magnitudes -equal distances' mentioned above is better realized for infrared magnitudes (K s ) than for optical magnitudes. The results of solutions for samples of stars formed according to K s magnitude intervals (9-10, 10-10.5, 10.5-11, 11-11.5, 11.5-12, 12-12.5, 12.5-13, 13-15 mag) are shown in Fig. 2 .
Finally, a grid of 12 stellar groups was formed using colour indices and K s magnitudes. Four colour subgroups were constructed in the following way:
Each of these subgroups was in turn divided into 3-mag subsets. The corresponding magnitude intervals are (1) 10 ≤ K s < 11.5, (2) 11.5 ≤ K s < 12.5 and (3) 12.5 ≤ K s < 13.5. Dividing into subgroups with smaller cells leads to the lack of stars in some subsets, and/or to stars of some subgroups being non-homogeneously distributed over the sky, or to the apparent incompleteness in filling the sky.
The technique of vector spherical functions was applied to each cell of the grid. Expansion was performed up to fourth-order terms. Table 1 . The values of parameters of the Ogorodnikov-Milne model calculated from the corresponding coefficients of spheroidal and toroidal functions for the grid of 12 stellar groups formed according to colours and magnitudes. The coefficients of expansion were obtained and the corresponding parameters of the Ogorodnikov-Milne model were computed. The average distances as described above and the components of the solar motion were estimated for each of the 12 subgroups of stars. The results of the calculations are presented in Table 1 .
Extinction effects
Systematic effects of varying nature in the UCAC3 proper motions (except those due to the properties of velocity fields) affect the results of this kind of analysis. Such effects can be represented by one or several harmonics of the vector spherical function decomposition.
One such phenomenon may be caused by variations of the average distances from one pixel to another in the applied HEALPIX scheme of sampling the data. Also, similar variations occur due to the interstellar extinction or the spiral arm structure.
An attempt to analyse the influence of interstellar extinction has been made. The model of interstellar extinction taking into account the spiral arm structure was applied. It was developed by Amores and Lepine (Amores & Lepine 2005) . It allows one to calculate the extinction A v for a given l, b and distance. Thus it was possible to compute A v for each HEALPIX pixel according to the average distance in the subgroup within a given range of K s .
The next sampling of the data for each of the magnitude subgroups was performed using these A v values. The subsets were formed in A v intervals with various ranges. This allows one to get The technique considered makes it possible to estimate the solar motion components for all subgroups of stars according to their colour and magnitude, taking into account mode mixing caused by interstellar extinction. Finally, the solar motion terms were eliminated from the average proper motion components of each HEALPIX pixel of 12 subgroups of stars. Then this data set was analysed to investigate the rotational effects in the UCAC3 proper motion field.
Selection of galaxies and analysis procedure
The procedure for selecting the galaxies of good data quality was performed by an analysis of the following flags from the UCAC3 catalogue files:
(1) objt = 0 -object type (good star); (2) us1≥3 -catalogues (epochs) used for proper motions; (3) leda =0, for objects from the Southern hemisphere; (4) x2m =0 -2MASS extend. source flag.
Only galaxies with 'proper motions' of μ < 30 mas yr −1 were included in further analysis. Large values of galactic 'proper motions' are probably due to the influence of the systematic errors. The resulting set contains 8037 galaxies. A vast majority of them is located in the Southern hemisphere in equatorial coordinates, which gives the map in Fig. 4 its shape. Preliminary analysis has shown that the mean standard error of galactic 'proper motions' is ≈8-10 mas yr −1 . The sample of galaxies was divided into pixels according to the HEALPIX scheme.
The basic idea of the present approach is to determine the values ω 1 , ω 2 , ω 3 by least-squares method from equations (6). This technique allows us to estimate the rigid body rotation vector (ω) of the UCAC3 catalogue frame with respect to galaxies. Significant values of the components of ω may be explained by the presence of residual rotation of HCRF with respect to the extragalactic reference frame:
Denote the components of the rotation vector around the rectangular equatorial axes by 
is the well-known transformation matrix between the unit vectors of the Galactic and equatorial coordinate systems.
R E S U LT S
Stars
The overall results of calculations are presented in Tables 1 and 2 . The first of these tables contains parameters of the OgorodnikovMilne model obtained using the first three coefficients of toroidal functions and all coefficients up to the second order of spheroidal functions. Tables A1 and A2 of Appendix A demonstrate the most significant coefficients of expansions up to the fourth order before the elimination of the solar motion. Similar tables (Tables A3 and  A4 of Appendix A) show these values after corrections. These tables allow one to compare the values of the parameters discussed before data improvement and after the elimination of the solar motion and by taking the extinction effect into account. The results of solutions significantly differ from similar data obtained by Bobylev & Khovritchev (2006) using the Tycho2 and UCAC2 catalogue data. All values change significantly while moving from relatively bright stars to the faint ones and from blue stars to the reddest ones. The values of ω 3 and M Table 2 . The values of the parameters of the Ogorodnikov-Milne model calculated from the corresponding coefficients of spheroidal and toroidal functions for the grid of 12 stellar groups formed according to colours and magnitudes after the elimination of the solar motion effect. on the proper motions of stars distributed within a thin band along the Galactic equator. One of the reasons of this discrepancy is that the UCAC3 stars used in the present work cover the whole sky. We verified this fact for a sample of UCAC3 stars within the zone |b| < 30
• , and obtained the values A = 13.39 ± 0.23 and B = −13.26 ± 0.17 km s −1 kpc −1 . The parameters of the Ogorodnikov-Milne model can be calculated using the coefficients of vector spherical functions up to second-order terms. The values of the parameters of the Ogorodnikov-Milne model obtained by standard least-squares solution are in a good agreement with the results of implementation of expansions using toroidal and spherical functions. Increasing the order of the expansion only improves the formal standard errors of the parameters of the Ogorodnikov-Milne model computed from coefficients of the expansion.
The values of higher order coefficients that do not determine the Ogorodnikov-Milne model parameters are significant for most coefficient indices. Most probably the majority of harmonics do not reflect the real peculiarities in the stellar velocity field. These are caused by systematic dependencies of proper motions of UCAC3 stars on coordinates, magnitudes and colours. One of the types of such systematic errors is a relatively large degree of systematic errors in coordinates of stars obtained from photographic plates of early epochs used in the UCAC3 proper motion calculations.
The main goal of the present work is to investigate the rotational effects in the UCAC3 proper motion system. The values ω 1 and ω 2 are more interesting in this context. The results suggest that the value of ω 1 mostly varies within ±0.2 mas yr −1 . This value is significantly less than ω 2 for most groups of stars. However, this conclusion is correct for the sample of good UCAC3 stars of which the proper motions are based on more than three epochs.
Galaxies
The results of fitting the galaxy data using the technique described in Section 3.6 are shown in Table 3 . All the components of the vector of angular velocity vary with magnitude. It may be connected with the possible magnitude equation in the UCAC3 galactic 'proper motions'. The mean values extracted from the analysis of the sample of all galaxies are ω 1 = 0.58 ± 0.15, ω 2 = −1.02 ± 0.15, ω 3 = −0.59 ± 0.17 mas yr −1 . The components of this vector in equatorial system are x = −0.02, y = 0.06, z = −1.31 mas yr −1 . The results of introducing higher order terms show that the model of rigid body rotation is complete in the case of the UCAC3 galaxies. The terms of higher orders are insignificant.
The component ω 2 (and z in the equatorial system) has the most significant value among the components of the rigid body rotation vector of the UCAC3 galaxies system. This does not contradict the results of the various investigations of the inertiality of the HCRF ). The value of ω 2 = −1.09 ± 0.02 mas yr −1 obtained as average from stars is in a good agreement with the corresponding component derived from the present analysis of the UCAC3 galactic 'proper motions'.
C O N C L U S I O N S
A set of about 8 million single stars of the UCAC3 catalogue having the most accurate proper motions has been analysed. The number of epochs used to calculate proper motion was adopted as a key parameter to select stars (us1 ≥ 3).
A comparison between the results of solutions performed for several subsets of UCAC3 stars shows that the key parameters significantly change with stellar magnitudes, colours and average distances. The system of proper motions of relatively bright stars (within 10-12 in K s ) is close to that from Tycho2. The behaviour of faint stars differs from those of the bright stars. The faint 'good' stars of UCAC3 are relatively distant. And their kinematics has peculiarities such as vertical gradient of the velocities field. But in the case of rotational component ω 1 and ω 2 there are no large variations while moving from blue to red stars and from bright to faint ones excluding faintest and reddest stars. This fact may be considered as evidence that the 'good' stars of the UCAC3 catalogue adequately extend the HCRF.
An analysis of 'proper motions' of galaxies of the UCAC3 catalogue displays that the values of parameters of rigid body rotation of the HCRF with respect to the extragalactic reference frame are close to ω 1 = 0.58 ± 0.15, ω 2 = −1.02 ± 0.15, ω 3 = −0.59 ± 0.17 mas yr −1 in galactic coordinates. The value of ω 2 obtained with UCAC3 galaxies is close to those calculated with stars. It allows one to suggest that it is, probably, a non-random match of these values. And this fact reflects the presence of real rotation in the proper motion system of 'good' UCAC3 stars relative to an extragalactic system. However, it is apparent that significant magnitude-dependent systematic errors are present in the galactic 'proper motions'. The values of ω 1 , ω 2 , ω 3 obtained above may be taken as preliminary estimations.
A P P E N D I X A : T H E VA L U E S O F C O E F F I C I E N T S O F S P H E RO I DA L A N D TO RO I DA L F U N C T I O N S B E YO N D T H E O G O RO D N I KOV -M I L N E M O D E L
The proper motions of UCAC3 'good' stars were represented by a set of orthonormal vector spherical functions. The technique of vector spherical functions was applied to the 12 subgroups of stars described above. An expansion was performed up to fourth-order terms. Tables A1-A4 present the values of the corresponding coefficients of expansions for both the solutions (before elimination of the solar motion and after correction). Table A1 . The values of the coefficients of spheroidal functions for the grid of 12 stellar groups formed according to colours and magnitudes before the elimination of the solar motion effect. Table A2 . The values of the coefficients of toroidal functions for the grid of 12 stellar groups formed according to colours and magnitudes before the elimination of the solar motion effect. Table A3 . The values of the coefficients of spheroidal functions for the grid of 12 stellar groups formed according to colours and magnitudes after the elimination of the solar motion effect. This paper has been typeset from a T E X/L A T E X file prepared by the author.
